We study fully developed, steady granular flows confined between parallel flat frictional sidewalls using numerical simulations and experiments. Above a critical rate, sidewall friction stabilizes the underlying heap at an inclination larger than the angle of repose. The shear rate is constant and independent of inclination over much of the flowing layer. In the direction normal to the free surface, the solid volume fraction increases on a scale equal to half the flowing layer depth. Beneath a critical depth at which internal friction is invariant, grains exhibit creeping and intermittent cage motion similar to that in glasses, causing gradual weakening of friction at the walls. Introduction.-Systems away from thermal equilibrium are common. An example is sheared granular matter, in which particle fluctuation kinetic energy is dissipated, giving rise to inhomogeneities, shear bands, and the intriguing coexistence of solidlike and liquidlike regions. Static granular packings also share properties of amorphous systems [1] and a mobilization behavior reminiscent of a glass transition [2] . In this case, velocity fluctuations play the role of temperature.
Introduction.-Systems away from thermal equilibrium are common. An example is sheared granular matter, in which particle fluctuation kinetic energy is dissipated, giving rise to inhomogeneities, shear bands, and the intriguing coexistence of solidlike and liquidlike regions. Static granular packings also share properties of amorphous systems [1] and a mobilization behavior reminiscent of a glass transition [2] . In this case, velocity fluctuations play the role of temperature.
Lemieux and Durian illustrated this by pouring grains between parallel, flat, frictional sidewalls, thus creating a flow of relatively small angle of inclination near jamming [3] . At steeper angles, Taberlet et al. [4] observed a thin, rectilinear, steady, fully developed, agitated layer riding atop a static heap forming spontaneously at an inclination exceeding the angle of repose and increasing with flow rate (Fig. 1 ). For these ''sidewall stabilized heaps,'' they showed how sidewall friction allows the flowing layer to sustain the heap at an anomalous angle; without such friction, the flow is less steep and governed by the nature of the base [5] . Although common in channel avalanches and silos, confined shear flows have elicited less attention than those without sidewalls.
A previous model interpreted basic sidewall stabilized heap features assuming that the solid volume fraction and resultant sidewall friction w are constant [4, 6] . In that case, a simple force balance yielded the ratio S=N of the mean shear and normal stresses on planes parallel to the free surface,
where y is the downward coordinate normal to the surface, is the angle of unit vectorỹ with gravityg, and W is the channel width (Fig. 1 ). Although this model captures the linear dependence of the apparent depth h of the flowing layer on tan [4] , it has important shortcomings. First, it predicts that the effective friction S=N reverses sign at finite depth, which is absurd. Second, experiments and numerical simulations [5] reveal that, far from being constant, rises with y in the flowing layer, with consequences on the momentum balance [7] .
In this Letter, we show that the resultant sidewall friction is not constant either. We identify a critical depth at which S=N becomes independent of inclination. Above it, solid volume fraction and friction evolve on a common length scale. Below, the system appears to behave as a glass undergoing creeping flow.
Experiments and simulations.-Our apparatus, similar to Taberlet et al. [4] , is sketched in Fig. 1 . Glass beads of diameter d ¼ 500 AE 100 m are poured between two parallel, vertical glass plates separated by W from a hopper orifice controlling the flow rate, thus fixing h and . A Photron APX RS camera of 1024 Â 1024 resolution for 50-30 000 Hz frame rate tracks rapid grains. Displacements in the quasistatic heap are measured by observing slow grains with a Nikon D200 camera at 12 images per minute or by dynamic light scattering (DLS) [3, 8] .
Molecular dynamics simulations reveal flow details, such as stresses, which experiments cannot provide. We model grains as soft spheres (density ¼ 2500 kg=m 3 , Young modulus Y ¼ 3:6 Â 10 À2 GPa). Their interaction parameters yield a constant kinematic restitution coefficient e ¼ 0:88 and a Coulomb friction coefficient ¼ 0:5. Impacts against the sidewalls are treated as collisions with a sphere of infinite mass and radius. Grain diameters are uniformly distributed between 0:8d and 1:2d to avoid crystallization. Fully developed flows on a bumpy base of like grains recycle 12 000 particles through periodic boundary conditions along x. Initially in a horizontal box at rest, grains progressively reach a steady flow as the box is tilted to the inclination .
Results.- Figure 2 shows simulated profiles of and dimensionless streamwise velocity V x = ffiffiffiffiffiffi gd p averaged across sidewalls, closely resembling their experimental counterparts [4, 5] . They include three distinct zones: overhead, a dilute region where spheres experience rare collisions, a flowing layer where increases with depth and V x = ffiffiffiffiffiffi gd p is nearly linear in y=d, and a dense quasistatic pile where ' 0:6. In general, varies negligibly across sidewalls. Remarkably, as an inset of Fig. 2 shows, profiles of for different inclinations collapse on the single curve
with origin such that ¼ 0 =2 at y ¼ 0. In the static pile where y ) l , ! 0 % 0:6, 8 . The characteristic length l scales with W and increases with inclination,
where 0 % 17 and % 1:2, a relation that we established for 35 70 . We also expect 0 and to change with , but have yet to explore this dependence. As Fig. 2 shows, velocity profiles in the flowing layer have a characteristic speed V 0 ¼ 2l ffiffiffiffiffiffiffiffi ffi g=d p , share the same length scale l , and thus collapse on a single curve V x =½2l ðg=dÞ 1=2 versus y=l (except for ¼ 35 , which is near jamming). The shear rate is nearly constant
1=2 smoothly transitions into a decaying exponential with scale l . Deeper, as experiments in the quasistatic region will show, creeping velocities drop on a shorter scale.
These observations agree with experimental results [3, 9, 10] ; they are also consistent with earlier studies [4] , which related inclination and depth using
but defined h arbitrarily. There, w and 0 were interpreted, respectively, as an apparent sidewall friction coefficient, including rolling or sliding contacts, and an internal friction angle of the material. Here, by writing h 2l and w ¼ 1=ð2Þ, we relate Eqs. (3) and (4), thus linking the force balance to the characteristic scales of the and V x profiles, and defining the flowing layer depth without ambiguity.
Unlike earlier studies [4, 6] , which treated w as a constant, our simulations also revealed that the resultant sidewall friction k w k=j w zz j, which we compute as the magnitude ratio of the surface force w w zxx þ w zyỹ and normal stress w zz on sidewalls, weakens with depth, as shown in Fig. 3 for different inclinations. In the flowing layer (y < l ), varies little and remains close to the microscopic friction . However, decreases sharply at greater depths, in spite of the fact that most grains slip on sidewalls. As we shall explain, this weakening of is essential to balance forces deep in the pile. Except near jamming, our data collapse on a single curve relating = and . For > 2, it is linear, = % 0:8.
Our simulations also recorded the direction of the wall friction, w Àk w kðcosx þ sinỹÞ, which varies with alone. In the flowing layer where < 1, friction is pointed against the flow, 0 < < 5 ; in the static pile, it rotates progressively with depth, % 7 at ¼ 2 and 
% 10
at ¼ 3, but cos remains close enough to 1 that friction hardly contributes to the force balance along y. In other words, the ''Janssen effect'' is negligible.
Forces.-Momentum equations for steady, fully developed flows of inclination reduce to balances @ y xy þ @ z xz ¼ À s g sin and @ y yy þ @ z yz ¼ À s g cos involving the stress components ij . Their average along z, denoted by a bar, is
where w ij ¼ ij at z ¼ þW=2 and s is the grain material density. We identify the shear stress S À xy and normal stress N À yy . To simplify the analysis, we assume that the latter is isotropic, N ¼ À yy ¼ À zz ¼ À w zz [7] , that the free surface is flat and perpendicular to y, and that ¼ 0. Using Eq. (2) and integrating,
Because = scales with ¼ y=l ,
where
and fðÞ ln2 þ þ ln coshðÞ. The second term on the right-hand side of Eq. (9) accounts for sidewall friction which, unlike unconfined flows, reduces the effective friction S=N below tan. We now calculate FðÞ by integrating Eq. (10) using the relation = versus plotted in the inset of Fig. 3 . Because = % 0:8 at large , F approaches a constant F 1 % 1:5 deep in the pile. This clears the paradox of Eq. (1), in that S=N now remains positive everywhere. (If was constant, F would diverge and S=N would reverse sign at finite y=W, which is unphysical. Instead, as Fig. 4 shows for different inclinations, S=N gradually declines to a positive value at large depth.)
A remarkable feature of Fig. 4 is the existence of a focal point at ¼ 0 % 2:2, significantly beneath the flowing layer. At this critical depth, S=N is independent of . By differentiating Eq. (9) with respect to tan at fixed ¼ 0 , and by setting the differential to zero, we find dl =d tan ¼ W=½2Fð 0 Þ. Consequently, the focal point exists if and only if l =W is an affine function of tan. Using Eqs. (3), (4) , and (9), we find S=Nð 0 Þ ¼ tan 0 and Fð 0 Þ ¼ w =. Our simulations indicate that these relations are accurate within 5% and that 0 does not vary significantly with W.
Glassy region.-The volume fraction ð 0 Þ % 0:593 at the critical depth lies at the ''dynamic jamming'' transition, analogous to its liquid-glass counterpart [11] . We are therefore tempted to identify ¼ 0 with an interface between ''liquid'' and ''glassy'' phases, and to interpret S=Nð 0 Þ as an internal friction of the granular material.
Because the glassy region is subject to aging and slow creep, simulations require impractically long CPU time and produce noisy data. For greater accuracy, we turned instead to experiments using particle tracking and DLS. As Fig. 5 indicates, velocities produced by these two complementary methods overlapped over roughly one decade. Profiles of obtained by densitometry [5] allowed us to measure l and fix the origin y ¼ 0 at ¼ 0 =2.
Experiments clearly showed a discontinuous strain rate near the critical depth that simulations had revealed. This supports the idea of a transition between two states. Velocity in the creeping region decays exponentially over seven decades with a characteristic length that is smaller than l . However, as Fig. 5 shows, =W obeys a simple affine relation with l =W that is independent of W=d. Trajectories in Fig. 6 further support the notion that the creeping region may be a glass. Relaxation times, which are often used to identify glassy dynamics, diverge with depth. Durian recently conducted experiments suggesting similar conclusions [12] . Grains exhibit cage motion, whereby they are trapped in a narrow region before escaping to a new cage. Their histories also betray brief jumps between long periods spent in traps. Such behavior resembles that observed in granular compaction and glass dynamics [13] . Quick jumps become less frequent deeper in the pile, thereby increasing the residence time in cages. While trapped there, grains describe a random oscillatory motion with zero mean displacement, thus contributing negligibly to the mean resultant wall friction force w . As trapping duration grows with depth, the resultant wall friction weakens as shown in Fig. 3 .
Conclusions.-Steady, fully developed flows of grains confined between two parallel, frictional planes balance, at each depth y, the force of gravity, the internal friction of the granular material, and the friction resulting from grainsidewall interactions. Downward along y, these flows feature distinct regions: (1) a nearly collisionless zone where grains describe ballistic trajectories; (2) a flowing layer with mostly invariant shear rate and a solid volume fraction gradually increasing on a scale l , which is, for a given inclination, proportional to the distance W between sidewalls, yet independent of grain diameter; (3) a dense quasistatic pile where velocity, volume fraction, and wall friction vary on the same characteristic length l ; (4) beneath a critical depth / l , a creeping, glassy zone where grains move by infrequent, rapid jumps between successive cages.
Our experiments and numerical simulations showed how this intermittent motion weakens the resultant wall friction on a length scale /l , thus making the internal friction S=N invariant at the critical depth. We also established that the existence of such depth is necessary and sufficient to yield S=N ¼ tan À w h=W, a relation which, as Taberlet et al. [4] observed, gives internal friction in terms of inclination and apparent depth h of the flowing layer. In doing so, we resolved the chief paradox of their analysis, which had predicted negative friction at large depths. We also identified the origin of w . Our work suggests that further research on confined granular rheology should focus on the quasistatic pile. and W ¼ 10d (see Fig. 1 ) tracked by the Photron camera (h) and the Nikon reflex (), and derived from DLS (j). The solid line is an exponential fit V x / expðÀy=Þ with ¼ 0:105W. The vertical line marks the transition to the creeping region. The inset shows =W vs l =W for W=d ¼ 9 () and 16 (d).
